We analyse parity-odd ("P-type") surface anomalies ("Graham-Witten anomalies") of energy-momentum correlators in conformal field theories defined in d-dimensional spacetime supplemented with a conical defect, with an emphases on d = 4 and d = 3 cases. In d = 4 we show that the trace anomaly will receive such surface contribution if the bulk trace anomaly contains P-type anomaly given by Pontryagin (pseudo)tensor, and as a consequence 2-point correlation function of energy-momentum tensor in flat spacetime will be nonvanishing as it receives corresponding surface contributions. In the process, we construct the most general P-type surface trace anomaly on singular 2-dimensional surface in 4-dimensional spacetime by performing consistency analysis. We show that there are two independent terms, one is the outer curvature (pseudo)scalar and the other is quadratic in the traceless part of the second fundamental tensor. For the special case of conical singularity we calculate the coefficient of the first term. Though we were unable to directly calculate the coefficient of the second term from methods used in this paper, we present an argument in favour of its vanishing. In d = 3 dimensions we calculate a surface contribution to the expectation value of an energy-momentum tensor in flat spacetime with conical singularity and show that it is also nonvanishing.
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Introduction
When defined on a curved spacetime conformal field theories (CFT) may develop quantum anomalies. A well-known example are the trace (also called Weyl) anomalies in d = 2k, i.e. in even-dimensional spacetimes [1] [2] [3] [4] [5] [6] :
where T µν is the energy-momentum tensor of the theory, and A is the (local expression for) trace anomaly which is generally some combination of monomials of k-th order in Riemann tensor. The terms in the anomaly A are local covariant expressions constructed from the background metric g µν , Riemann tensor and covariant derivatives. 1 A may come in three types: type A which is the k-th Euler invariant, type B which are contracted tensor products of Weyl tensor, and type P consisting of exterior products of the Riemann curvature two-forms. The types A and B are parity-even, while type P is parity-odd and, though allowed by consistency conditions, is usually neglected in the literature.
There has been a renewed interest in gravitational mechanisms of CP violation, see e.g., [7] [8] [9] [10] [11] [12] [13] [14] [15] . This includes analysis of appearance of parity-odd type P anomalies [3, 5, [16] [17] [18] [19] [20] [21] . Indeed, in [20, 21] an old result of [22] was rederived and it was shown that in 4-dimensional quantum field theories with chiral fermions in which the numbers of left and right chiralities are not the same, type P anomalies are indeed present. This paper aims to fill some gaps in understanding of parity-odd sector of gravity-induced anomalies.
Now, accepting a standard definition for correlation functions of energy momentum tensor in flat space, an immediate consequence of (1) is that nonvanishing trace anomaly induces terms in correlation functions
with n ≥ k. However, correlation functions (2) with n < k vanish in the regular flat spacetime. It is of interest to study non-regular spacetimes containing singular submanifolds. Orbifolds and branes provide important examples. In some instances, possibly after analytical extensions, these singular surfaces are equivalent to conical defects. One notable example is provided by the replica method [23] for calculation of entanglement entropy (for reviews see [24, 25] ), in which one effectively (by analytical continuation) introduces conical singularity on the entangling surface (which is codimension 2 submanifold) with a deficit parameter α (α = 1 means no defect) and calculates a linear term in expansion in (1 − α) which carries relevant information.
It was observed in [26] that when one introduces a conical defect on a codimension 2 surface Σ in otherwise flat Euclidean spacetime, in general one should expect that correlation functions (2) for n = k − 1 which were zero in flat case now receive nonvanishing contributions localized on Σ, so called surface anomalies.
2 One can infer this by using two methods: by straightforwardly using Eqs. (1) and (2) (Method 1), or by using a more general formula proposed in [28] which connects the n-point correlation functions in a regular spacetime with (n − 1)-point correlation functions in spacetime with conical singularity (Method 2). In view of Method 1, these surface contributions follow from the fact that trace anomaly, beside the bulk contribution, now contains also contributions localized on the (d − 2)-dimensional surface Σ. Now, Method 1 uses the assumption that the trace anomaly in a spacetime with the conical defect keeps the same geometric form as in the regular spacetime, and the surface anomalies are then calculated in a geometric fashion. If the result for correlation function with n = k − 1 obtained by Method 2 exactly matches the result obtained by Method 1, this confirms the assumption of Method 1, at least in the linearised level in (1 − α) expansion around flat metric. The results offer interesting information, and the lowering of the rank of nonvanishing correlations functions may have some practical advantages. Indeed, in [29] this program was successfully applied to parity-even sector, containing type A and B anomalies, and corresponding contributions to correlation functions of the type (2) with n = k − 1 were calculated.
In this paper we extend the analysis of [29] to parity-odd sector containing type P trace anomaly. We analyse in detail the case of d = 4 dimensions and show that the results for parity-odd part of correlation function (2) with n = 1 obtained by Methods 1 and 2 exactly match in linear order in (1−α). In addition, we perform a complete general cohomological analysis of the parity-odd surface trace anomalies and show that there are only two linearly independent nontrivial terms -one is given by the extrinsic curvature (pseudo)scalar on Σ, while the other is quadratic in the second fundamental tensor on Σ and as such cannot contribute to the mentioned correlation function with n = 1. For a particular case of surface trace anomaly on a conical defect, by using the result of Method 2 we were able to fix the coefficient of the first term. The value of the second coefficient, however, is left undetermined, though we presented an argument in favour of its vanishing. At the end we briefly discuss higher-dimensional case k > 2.
Finally, we study parity-odd contributions to correlation functions (2) in flat odd-dimensional spacetimes with conical singularity induced by the presence of gravitational Chern-Simons Lagrangian terms. These contributions are not connected with the trace anomaly (as there are no such in odd-dimensional spacetimes), though they may be generated by quantum loop contributions in QFT's. For d = 3 case we perform calculations for n = 0 correlation function with both methods and show that they give the same result.
Conical defects
We assume that in otherwise regular d-dimensional spacetime with metric g µν a conical defect is introduced in a standard fashion such that there is a (d − 2)-dimensional singular surface Σ. Following [29] we assume that there are coordinates x µ , µ = 1, . . . , d in which the conical defect is described by having an angle deficit in x 1 -x 2 plane equal to 2π(1 − α), with "the tip of the cone" being (d − 2)-dimensional surface Σ defined by x 1 = x 2 = 0. We shall be interested only in lowest-order correction in expansion over (1 − α). In [30] it was argued that the sole effect of an introduction of a conical singularity in otherwise regular spacetime on contracted products of Riemann tensors, such as those appearing in the trace anomaly A(x) in (1), can be taken into account by using
where the quantities on the right hand side refer to a regular spacetime without conical singularity.
3 Here δ Σ is a covariant δ-function with a support on the conical singularity plane Σ, while
where n µ (a) , a = 1, 2, are two orthonormal vectors orthogonal to Σ. It was later shown in [31, 32] that this is a valid procedure only when the second fundamental tensor (extrinsic curvatures) of Σ is vanishing, and generally there are extra terms not encoded by (3) . However, these extra terms are of too high power in ∂ µ g νρ to be able to contribute to the flat space correlation functions we are interested in. For example, these extra contributions to (3) are quadratic in the second fundamental form, which means quadratic in ∂ µ g νρ and we shall see below that such terms cannot contribute to our results. In conclusion, for the purposes of this paper we are allowed to use (3). In Sec. 3.3 we shall undertake a brief excursion into curved backgrounds and analyse the form of this extra terms relevant to type P trace anomaly in d = 4 in more general settings. 
where a, c and p are constants depending on CFT in question, E 2 is the second Euler tensor (GaussBonnet tensor), W µνρσ is the Weyl tensor, and P 2 is the Pontryagin (pseudo)tensor
where ε µνρσ is the Levi-Civita symbol (equal 0 or ±1). First two terms in (5) correspond to type A and type B anomalies, respectively, and are parity-even, while the third term is parity-odd type P anomaly, which is the focus of our study here.
The starting assumption of Method 1 is that expression (5) remains valid when the conical defect is introduced in the spacetime as described in Sec.2. The fact that the same results will be obtained by different method shows that this assumption is valid at least in linear order in h µν .
Using (5) in (2) one gets that in a flat regular spacetime correlation functions (2) with n ≥ 2 are nonvanishing. However, due to (3) it follows that when conical singularity with deficit angle 2π(1 − α) is present then correlation function with n = 1 is also nonvanishing. In [29] it was shown that contribution of type A anomaly to this correlation function is given by
where γ µν ≡ δ µν − n µν is the induced metric on Σ.
Here we calculate the parity-odd contribution to the same correlation function. Assuming that expression for anomaly (5) applies also in the presence of a conical singularity (which is denoted by an index C α ), from (2) follows
By using (3), (6) and the fact that in the flat space R µνρσ = 0, we obtain
In our conventions one has
Using this in (9) we obtain
Now we choose the coordinates such that Σ is defined by x 1 = x 2 = 0. Then, δ Σ = δ(x 1 )δ(x 2 ) and we can take n µ (1) = (1, 0, 0, 0) and n µ (2) = (0, 1, 0, 0). Using all this (11) becomes
2 ) (12) whereâ = 1, 2 denotes directions normal to Σ, while a = 3, 4 denotes directions tangential to Σ, andε and ε are 2-dimensional Levi-Civita symbols living on normal and tangential space, respectively (binormal and volume form on Σ, respectively)
From the expression (12) it is obvious that the correlation function is nonvanishing only if one of the indices µ or ν is normal while the other one is tangential to Σ. One of the consequences is that the trace of (12) 
As it was shown in [29] that the same is true for the type B anomaly, the only contribution to the trace of the n = 1 correlation function comes from the A anomaly
where again a = 3, 4 are tangential coordinates on Σ and (7) was used in the second equality.
Correlation functions in flat spacetime: Method 2
As argued in [28] , there is a correspondence between the correlation functions on flat space with and without the conical defect given by
where
and operator K 0 is
where directions 1 and 2 are normal while directions 3, . . . , d are tangential to the conical defect surface Σ, and y = (z 3 , . . . , z d ). Applying this to the particular case of parity-odd contribution to correlation functions of energymomentum tensor in d = 4 enables us to check the result from the last subsection by independent method. From (16) follows
Now, from (5) it can be shown that in the regular flat spacetime one has
where the differential operator inside round brackets is explicitly given by
Plugging (20) into (19) we obtain
(Extra factor of 2 comes from (ρ ↔ σ) symmetrization in (20) ). Let us concentrate on the first two lines in (22) . Observe that β = 3 or 4 because of the integrations over z 3 and z 4 , and β = 2 due to the Levi-Civita symbol, so it must be that β = 1. From this follows that µ and α must be tangential to the surface of the defect, i.e., µ = 3 and β = 4 or vice versa. Moreover, it can be shown that ν = 3 or 4 because of the integration over z 1 . Taking all this into account, it is easy to show that (22) becomes
where as beforeâ = 1, 2, a = 3, 4, and we used the relation
From (22) and (17) and the fact that 2-point function vanishes in the limit α → 1 it follows that integration over α gives in the lowest order in (1 − α) the following result
where we used 2-dimensional Levi-Civita symbols defined in (13) . As expected, the result is the same as the corresponding one obtained by the Method 1 in Sec. 3.1 (see Eq. (12)).
Type P surface trace anomalies in d = 4
3.3.1 Type P conical surface trace anomaly: take 1
In Sec. 3.1 we have assumed that the trace anomaly in a curved spacetime with the conical defect can be obtained by combining Eqs. (3) and (5), modulo terms which do not affect particular 2-point correlation function in the flat spacetime analysed in this paper 4 . Let us now analyse this issue more carefully. For the moment we shall ignore the possibility of these extra terms and apply the logic of Method 1 to calculate the conical surface trace anomaly for general spacetime metric. Now, in the analyses of anomalies, instead of local anomalies it is more fruitful to consider integrated anomalies which in the case of trace anomaly (5) is defined by
where A is defined in (1) and ω is a parameter for infinitesimal Weyl transformation on which metric transforms as
As a first take, let us calculate the integrated conical surface trace anomaly in linear order in (1 − α) by using (3) in type P part of (5). We obtain
where ǫ µνρσ is the Levi-Civita tensor and γ µν is the induced metric (first fundamental tensor) of Σ. More details on mathematical background and terminology can be found in, e.g., [33] . However, experience with parity-even sector shows that extra terms we mentioned above, which are not encoded in the rule (3) and which contain second fundamental tensor (extrinsic curvatures), cannot be a priori dismissed. In fact, both for type A and B anomalies it was explicitly shown that there is an extra term which makes a presence. Before coming back to the question of exact expression for the conical surface trace anomaly, let us find out what is the most general form of parity-odd surface trace anomalies corresponding to 2-dimensional singular surfaces in 4-dimensional spacetime.
Parity-odd surface trace anomaly: general cohomology analysis
Viable candidates for the trace anomaly must satisfy Wess-Zumino consistency conditions. These consistency conditions combine trace (Weyl) and diffeomorphism anomalies in pairs, A ω and A ξ , and read (δ ω + δ ξ )(A ω + A ξ ) = 0 which splits into
Here ξ µ (x) parametrizes infinitesimal diff-transformations which act on the metric as
where ∇ µ is the covariant derivative. The transformation parameters ω(x) and ξ(x) are anticommuting Grassmann fields. If the pair A ω and A ξ is such that there exists a local term C satisfying
then such anomaly pair is considered to be trivial as it can be cancelled by adding the local term C to the quantum action. 5 In this way the search for possible anomalies has been turned into solving cohomology problem.
So, for (28) to be a viable candidate for the surface trace anomaly, we must check that it satisfies consistency conditions (29) . As (28) is manifestly covariant it is obvious that it satisfies δ ξ A (P ) ω = 0 so trace and diff-anomalies separate. We can then take A (P ) ξ = 0 which means that cohomology conditions (29) 
To check this we need to know how objects appearing in (28) transform under Weyl rescaling (27) . One obtains:
Using this it is straightforward to show not only that (28) satisfies (32) , but that its density satisfies a stronger condition of Weyl-invariance
We see that (28) is indeed a viable candidate for the parity-odd surface trace anomaly. The question now is: Does it gives the most generic expression? As we now show, the answer is no. We shall prove this by finding the most general expression for parity-odd surface anomalies by performing Wess-Zumino consistency analysis. The idea is to complete the analysis from Sec. 3.2 of [34] , where parity-even sector was discussed. We have found two more parity-odd terms satisfying the consistency conditions (29) (and Weyl invariance of the corresponding densities):
where K µνα ≡ γ µ ρ γ ν σ ∇ ρ γ σα is the second fundamental tensor, while Ω is the outer curvature (pseudo) scalar on Σ obtained from the outer curvature tensor Ω µναβ through
By using Ricci equation the outer curvature tensor can be expressed as
Consistency of terms in (34) follows from the following transformation properties under Weyl rescaling
Both of the terms in (34) are cohomologically nontrivial, as is (28) . To our knowledge this exhausts the possibilities, i.e., there are no other linearly independent terms of the required kind. 7 However, the terms (28) and (34) are not linearly independent as the Ricci equation (36) implies
It follows that by purely using cohomology analysis we infer that the surface type P integrated trace anomaly must have the following form
where p is the constant appearing in (5) which depends on particulars of a quantum field theory in question, while k 1 and k 2 are two numbers left undetermined. We emphasize that this result is generic, valid for all parity-odd surface trace anomalies on singular 2-dimensional surfaces in 4-dimensional spacetime.
Type P conical surface trace anomaly: take 2
Now we can use the results from the previous two subsections to constrain the values of k i when singular surface is of conical defect type. For this purpose we note the following:
1. Because the second term in (34) does not contain linear terms in h µν when metric is expanded around flat space, g µν = δ µν + h µν , it follows that this term cannot contribute to 2-point correlation functions calculated in the previous two subsections. In other words, our calculations of correlations functions are blind to k 2 and cannot be used to fix its value.
2. Because of the agreement between the results for these correlation functions obtained with Method 1 and 2, we can conclude that k 1 = 1, because with this choice (together with k 2 = 0) (39) is equal to (28) , which was used in Method 1.
3. Though we cannot fix the value of k 2 , in principle we could use again Method 2 to claim that it must have a universal value, equal for all QFT's. This conclusion would follow immediately from applying Eq. (16) to the calculation of higher-point (n > 1) correlation functions of the type (2) in a flat spacetime with conical singularity, because it is obvious that no model dependent parameters can creep in aside overall factor p.
4.
It is interesting to note that the outer curvature scalar Ω can be written as the total 2-dimensional gradient, and is in some sense an outer analogue of Euler term in d = 2 (which is an intrinsic Ricci scalar) [33] . 8 As this "topological" nature of Ω on Σ is compatible with the topological nature of Pontryagin term P 2 in the bulk, it is tempting to speculate that the value of k 2 in (39) is k 2 = 0, as in this case surface type P local trace anomaly in d = 4 would be given purely by Ω. We leave this question to our future research.
To summarize, we have shown that the surface type P trace anomaly on conical defect in d = 4 is of the form A
where p is the model dependent constant appearing also in the bulk trace anomaly, while k 2 is some universal constant which we conjecture to be vanishing.
4 Conical singularity and correlation functions in d = 3
Method 1
When 3-dimensional QFT's are defined in a curved spacetime, expectation value of the energy-momentum tensor may develop parity-odd contribution of the form
where C µν is known as Cotton-York tensor. As the integer part of the coefficient w can be removed by adding to the classical action a local counterterm, which is well-known gravitational Chern-Simons term, it is sometimes stated that w is defined modulo 1 [17] . 9 It is known that in regular spacetimes Cotton-York tensor is traceless and covariantly conserved
so as a consequence (41) does not contribute to the trace anomaly, which is expected from the general theorem stating that there are no trace anomalies in CFT's defined in odd-dimensional spacetimes. Now we add into the spacetime a conical defect with deficit angle 2π(1 − α) in the same manner as before. By assuming that (41) is valid also when conical defect is present, and using
which follows from (3), we obtain that for the flat metric g µν = δ µν
where in the second equality we used (13) . Again, this expression is nonvanishing only if one of the indices is in normal direction (1 or 2) while the other one is in tangential direction (3). It is easy to see that (44) is traceless and covariantly conserved. This means that, as expected, it will not contribute to the trace anomaly.
Method 2
For a CFT defined in a regular flat spacetime a consequence of (41) is [5, 17] 
Now we can use the correspondence (16) to independently calculate expectation value of the energy momentum tensor in a flat space with a conical singularity. In this way we obtain
By using (45) we obtain
Now, σ = 3 and ν = 3 because integration over y 3 would be vanishing. From this follows that σ = 1 and one gets
where a = 1, 2 and δ Σ = δ(x 1 )δ(x 2 ) in the particular Cartesian coordinates we use here. Plugging this into (46), using (17) and integrating over α we obtain that in the leading order in (1 − α) the final result is
We see that the final result is the same as the one obtained by Method 1, which is (44).
Generalisations to d > 4
The analyses from the previous sections may be rather straightforwardly extended to d = 4k and d = 4k−1 dimensions, respectively. However, as formulae are rather cumbersome, we restrict ourselves here to some general comments. The trace anomaly for CFTs in d = 4k dimensions may contain parity-odd P-type terms, which are generalizations of Pontryagin pseudoscalar, in the form of invariant polynomials of Riemann tensor. A difference from d = 4 case is that for k > 1 beside irreducible monomial tr(R 2k ) (where R is a Riemann 2-form and a product is the wedge-product) there are also several reducible monomials. For example, in d = 8 beside irreducible term tr(R 4 ) there is one reducible term (tr(R 2 )) 2 . If CFT is defined on a regular flat space, then correlation functions (2) with n ≥ 2k are nonvanishing. If one introduces a conical defect then this is so for n ≥ 2k − 1. The explicit expressions in general case are rather cumbersome and we shall not write them here. They can be straightforwardly constructed by following procedures from Sec. 3 with the result that the general properties are similar as in d = 4.
In d = 4k − 1 dimensions with k > 1 expectation value of energy-momentum tensor may contain generalized Cotton tensors [9, 12, 16] . They are a consequence of the presence of gravitational ChernSimons terms in the quantum effective action. For k > 1 the number of such terms is larger then one, as reducible terms are also present. In fact, these gravitational Chern-Simons terms can be obtained from above mentioned invariant polynomials through transgressions. If CFT is defined on a regular flat space, then correlation functions (2) with n ≥ 2k − 1 are non-vanishing. If one introduces a conical defect then this is so for n ≥ 2k − 2. Again, explicit expressions are somewhat cumbersome but again can be constructed by following procedures from Sec. 4.
